Bornoligies, Topological Games and Function Spaces by Cao, Jiling & Tomita, Artur H.
ar
X
iv
:1
40
3.
69
05
v1
  [
ma
th.
GN
]  
27
 M
ar 
20
14
BORNOLIGIES, TOPOLOGICAL GAMES AND
FUNCTION SPACES
JILING CAO AND ARTUR H. TOMITA
Abstract. In this paper, we continue the study of function spaces equipped
with topologies of (strong) uniform convergence on bornologies initiated by
Beer and Levi [4]. In particular, we investigate some topological properties
these function spaces defined by topological games. In addition, we also give
further characterizations of metrizability and completeness properties of these
function spaces.
1. Introduction
A bornology B on a (nonempty) set X is a family of nonempty subsets of X that
is closed under taking finite unions, that is closed under taking subsets, and that
forms a cover of X . In his pioneering work [20], Hu investigated bornologies defined
on metrizable spaces that correspond to that of bounded sets with respect to an
admissible metric. He was the first to build a framework to discuss macroscopic
phenomena and their interplay with the local structures investigated in general
topology. In the literature, bornologies have been widely applied in the theory of
locally convex spaces [18], where additional conditions are required, e.g., that the
bornology be closed under vector addition and scalar multiplication, and perhaps
that the balanced hull of B ∈ B remains in B. Furthermore, over the past 15
years, Borwein et al. [7] have used bornologies to develop a unified theory of differ-
entiability for functions defined on normed spaces, characterizing various geomet-
ric properties of spaces in terms of the relationship between different bornological
derivatives on various classes of functions.
Recently, there has been renewed interest in bornologies in analysis and topol-
ogy. On one hand, Beer and Levi [5] investigated some basic questions about the
totally bounded subsets induced by a bornology B on a metric space. On the other
hand, Beer and Levi [4] applied bornologies to study function spaces with topologies
of uniform convergence on bornologies in a unified approach. In the same paper,
they also introduced topologies of strong uniform convergence on bornologies. This
study has been carried on by Caserta et al. [11] and Hola´ [19]. In [11], the au-
thors characterized several topological properties of the topology of strong uniform
convergence on a bornology, including separability, second countability, countable
tightness, etc. In [19], Hola´ characterized complete metrizability of topologies of
strong uniform convergence on bornologies. The purpose of this article is to con-
tinue the study of topological properties of function space equipped with topologies
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of (strong) uniform convergence on bornologies. In particular, we investigate those
properties defined in terms of topological games.
Given a topological space X and a metric space (Y, ρ), let C(X,Y ) be the set of
continuous functions fromX to (Y, ρ). For (Y, ρ) = (R, Euclidean metric), C(X,Y )
is simply denoted by C(X). The family of non-empty finite subsets (resp. subsets
with compact closure) of X is denoted by F (X) (resp. K (X)). In addition, the
family of non-empty subsets of X is denoted by P(X). Two nonempty subsets A
and B of (Y, ρ) are said to be far from each other if
D(A,B) := inf{ρ(a, b) : a ∈ A and b ∈ B} > 0.
Given δ > 0, the open δ-ball centered at a ∈ Y is denoted by S(a, δ), and Aδ :=⋃
a∈A S(a, δ) is called the δ-enlargement of the subset A of (Y, ρ). If A is a family
of nonempty subsets of (Y, ρ), then A δ := {Aδ : A ∈ A }. Given a function
f ∈ C(X,Y ) and a net 〈fα : α ∈ D〉 pointwise convergent to f , the family of
subsets of X on which the convergence is uniform is easily seen to be a bornology
with closed base. Here, a subfamily S of a bornology B is a base of B if for each
member B ∈ B there exists an A ∈ S such that B ⊆ A. If each member of a
base S is a closed subset, then S is called a closed base of B. Bearing this in
mind, suppose that B is a bornology with closed base on X . The uniformity ∆B
for the topology TB of uniform convergence on B for C(X,Y ) has as a base for its
encourages all sets of the form
[B; ε] := {(f, g) : ρ(f(x), g(x)) < ε for all x ∈ B},
where B ∈ B and ε > 0. When B = F (X), we get the standard uniformity
for the topology of pointwise convergence. The topology TF(X) is simply denoted
by Tp, and the space (C(X,Y ),TF(X)) is simply denoted by Cp(X,Y ). When
B = K (X), we get the standard uniformity for the topology of uniform conver-
gence on compacta. The topology TK (X) is simply denoted by Tk, and the space
(C(X,Y ),TK (X)) is simply denoted by Ck(X,Y ). Finally, when B = P(X), we
get the standard uniformity for the topology of uniform convergence on X .
Definition 1.1. Let (X, d) and (Y, ρ) be two metric spaces, and let B be a bornol-
ogy with a closed base on X . The topology of strong uniform convergence on B for
C(X,Y ), denoted by T s
B
, is determined by a uniformity ∆s
B
, which has as a base
for its entourages all sets of the form
[B; ε]s := {(f, g) : there is δ > 0 such that ρ(f(x), g(x)) < ε for all x ∈ Bδ},
where B ∈ B and ε > 0.
Note that Tp ⊆ TB on C(X,Y ) for any bornology B on X . Thus, (C(X),TB)
and (C(X),T s
B
) are Tychonoff topological groups. Since [B; ε]s ⊆ [B; ε] for all B
and ε > 0, T s
B
is always finer than TB on C(X,Y ). In general, these two topologies
are distinct on C(X,Y ). Several conditions under which T s
B
= TB on C(X,Y )
can be found in the literature, e.g., in [3], [4] and [11].
The paper is organized as follows. In Section 2, we introduce and study sev-
eral classes of topological spaces defined by topological games. These classes of
spaces are close to the spaces with certain completeness properties. In Section 3,
we consider the metrizability of topologies TB and T
s
B
on C(X,Y ). Further char-
acterizations of these topologies in terms of qD-points are given. In Section 4, we
apply results in Section 3 to study completeness properties of topologies TB and
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T s
B
on C(X,Y ). The last section is devoted to the study of the Baire property
of function spaces defined by bornologies. We give some necessary conditions un-
der which a function space equipped with the topology of strong uniform topology
on a bornology to be Baire. The paper also contains several open questions. All
undefined concepts can be found in the listed references, e.g., [15], [16] or [24].
2. Topological spaces defined by games
Let T be a topological space. Recall that the Choquet game Ch(T ) played in T is
the following two-player infinite game. Players, called β (the first player) and α (the
second player), alternatively choose nonempty open subsets of X with β starting
first such that U1 ⊇ V1 ⊇ U2 ⊇ V2 ⊇ · · · . In this way, a run 〈(Un, Vn) : n ≥ 1〉
will be produced. Then α is said to win this run if
⋂
n≥1 Un(=
⋂
n≥1 Vn) 6= ∅.
Otherwise, we say that β has won. By a strategy σ for player β, we mean a
function whose domain is the collection of all legal finite sequences of moves of
α and whose values are nonempty open sets of X . If σ is a strategy for β in
Ch(T ), σ(∅) denotes the first move of β. A finite sequence 〈V1, ..., Vn〉 of nonempty
open sets of X is called a partial play of α subject to σ in Ch(X) if V1 ⊆ σ(∅)
and Vi+1 ⊆ σ(V1, ..., Vi) ⊆ Vi for all 1 ≤ i < n. Similarly, an infinite sequence
〈Vn : n ≥ 1〉 of nonempty open sets of X is called a (full) play of α subject to σ
if V1 ⊆ σ(∅) and Vn+1 ⊆ σ(V1, ..., Vn) ⊆ Vn for all n ≥ 1. Strategies for player
α, partial plays and (full) plays for β subject to a strategy of α can be defined
similarly. In addition, a winning strategy for a player is a strategy such that this
player wins each play of its opponent subject to this strategy no matter how the
opponent moves in the game. If α has a winning strategy in Ch(X), then X is
called weakly α-favorable. For more information on topological games, see [10].
Recall that T is Baire if the intersection of every sequence of dense open subsets
in T is dense. The well-known Baire Category Theorem in analysis and topology
claims that every complete metric or locally compact Hausdorff space is Baire. A
Tychonoff space T is Cˇech complete if it is a Gδ-set in its Cˇech-Stone compacti-
fication βT . Since the class of Cˇech complete spaces contains all complete metric
spaces and locally compact topological spaces, a unified version of the Baire Cat-
egory Theorem is: Each Cˇech complete space is Baire. An interesting connection
between the Choquet game and the class of Baire spaces is given in the following
theorem of Oxtoby in 1957.
Theorem 2.1 ([28]). A space X is Baire if and only if the first player does not
have a winning strategy in the Choquet game played in X.
A proof of Theorem 2.1 can also be found in [22] and [31]. It follows from
Theorem 2.1 that every weakly α-favorable space is Baire. Let D ⊆ T be a dense
subset of T . The game GS(D), involves two players α and β. Players β and α
choose alternately non-empty open subsets Vn and Un in X just as in the Choquet
game. Player α wins a run if
⋂
n≥1 Un is non-empty and each sequence 〈xn : n ≥ 1〉
with xn ∈ Un ∩ D for all n ≥ 1 has a cluster point in T . The space T is strongly
Baire [21] if T is regular and there is a dense subset D ⊂ T such that β does not
have a winning strategy in the game GS(D) played in T .
A family of subsets of T is said to be an almost cover if the union of its members
is dense in T . A sieve (resp. An almost sieve) 〈{Ui : i ∈ In}, pin : n ≥ 1〉 on T is a
sequence of indexed covers (resp. almost covers) {Ui : i ∈ In} of X , together with
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maps pin : In+1 → In such that Ui = X for all i ∈ I0 and Ui =
⋃
{Uj : j ∈ pi−1n (i)}
(resp.
⋃
{Uj : j ∈ pi−1n (i)} is dense in Ui) for all i ∈ In and all n ≥ 1. Moreover,
a pi-chain for such a sieve or an almost sieve is a sequence 〈in : n ≥ 1〉 such that
in ∈ In and pin(in+1) = in for all n ≥ 1. A filterbase F on T is said to be
controlled by a sequence 〈Un : n ≥ 1〉 of subsets of X if each Un contains some
F ∈ F . If each filterbase controlled by 〈Un : n ≥ 1〉 clusters, then 〈Un : n ≥ 1〉
is called a complete sequence on T . Furthermore, T is called sieve complete (resp.
almost complete) [13], [25] if there exists an (resp. almost) open sieve such that
〈Uin : n ≥ 1〉 is a complete sequence for each pi-chain 〈in : n ≥ 1〉, and T is called an
almost monotonically p-space if T has an almost open sieve such that 〈Uin : n ≥ 1〉
is a complete sequence for each pi-chain 〈in : n ≥ 1〉 with
⋂
n≥1 Uin 6= ∅.
All Cˇech complete spaces are sieve complete, all sieve complete spaces are almost
complete, all almost complete spaces are strongly Baire, and all strongly Baire
spaces are Baire. Each almost complete Tychonoff space has a Cˇech complete
dense Gδ-subspace. In [21], some conditions under which a Baire space is strongly
Baire were given. Below, we give some more conditions.
Theorem 2.2. Let T be a regular space. If T is a Baire and almost monotonically
p-space, then T is a strongly Baire space.
Proof. Let 〈{Ui : i ∈ In}, pin : n ≥ 1〉 be an almost open sieve on T to witness T
being an almost monotonically p-space. For each n ≥ 1, put Gn =
⋃
i∈In
Ui. By
definition, each Gn is a dense open subset of T . Since T is a Baire space, then
D =
⋂
n≥1Gn is also a dense subset of T .
We shall show that any strategy σ for player β in the game GS(D) is not a
winning strategy for β. To this end, we need to define inductively a strategy θ for
β in Ch(T ) by applying σ and then applying the Baireness of T . First, we select
an i1 ∈ I1 such that σ(∅) ∩ Ui1 6= ∅, and put θ(∅) = σ(∅) ∩ Ui1 . Let V1 ⊆ θ(∅)
be α′s first move in Ch(T ). Now, we choose i2 ∈ I2 such that i1 = pi1(i2) and
σ(V1) ∩ Ui2 6= ∅. Define θ(V1) = σ(V1) ∩ Ui2 . Assume that for each n > 1, we have
defined θ for any finite θ-sequence 〈V1, ..., Vn〉 satisfying
(1) θ(V1, ..., Vk) = σ(V1, ..., Vk) ∩ Uik for all k ≤ n,
(2) ik ∈ Ik for all k ≤ n,
(3) ik−1 = pik(in) for all 2 ≤ k ≤ n.
Note that any θ-sequence of length k ≤ n in Ch(T ) is also a σ-sequence of the
same length in GS(D). Let 〈V1, ..., Vn〉 be any finite sequence of nonempty open
subsets satisfying the conditions (1)–(3). Suppose that Vn+1 ⊆ θ(V1, ..., Vn) is α’s
(n + 1)-th move in Ch(T ). We choose in+1 ∈ In+1 such that pin+1(in+1) = in and
σ(V1, ..., Vn) ∩ Uin+1 6= ∅, and then define
θ(V1, ..., Vn, Vn+1) = σ(V1, ..., Vn) ∩ Uin+1 .
This completes the definition of θ inductively.
Since T is a Baire space, by Theorem 2.1, θ is not a winning strategy for β in
Ch(T ). It follows that there is an infinite θ-sequence 〈Vn : n ≥ 1〉 of α’s moves such
that
⋂
n≥1 Vn 6= ∅. Now, let 〈xn : n ≥ 1〉 be a sequence in T with xn ∈ Vn ∩D for
each n ≥ 1. Then, by the construction of θ, we see that xn ∈ Uin for all n ≥ 1. Note
that 〈in : n ≥ 1〉 is a pi-sequence. Since
⋂
n≥1 Uin 6= ∅, then 〈Uin : n ≥ 1〉 must be
a complete sequence. For each n ≥ 1, put Fn = {xk : k ≥ n}. Then the filterbase
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{Fn : n ≥ 1} is controlled by 〈Uin : n ≥ 1〉. This implies that {Fn : n ≥ 1} has a
cluster point in T , which is equivalent to that {xn : n ≥ 1} has a cluster point in
T . Note that 〈Vn : n ≥ 1〉 is an infinite σ-sequence in the game GS(D) to witness
that σ is not a winning strategy for β. Thus, T is a strongly Baire space. 
Remark 2.3. The question that how strongly Baire spaces can be identified was
considered firstly by Kenderov et al. in [21] and more recently by Arhangel’skii et
al. in [2]. Let T and Z be two topological spaces with T ⊆ Z. The space T is said
to have star separation in Z, if there exists a sequence 〈Gn : n ≥ 1〉 of families of
open subsets of Z such that for every pair of points x ∈ T and z ∈ Z \ T , there
exists some n ≥ 1 such that at least one of stars St(x,Gn) and St(z,Gn) is not empty
and contains only one of the two points. In particular, T is said to have countable
separation if in some compactification bT , X has star separation by a sequence
〈Gn : n ≥ 1〉 of open subsets of bT such that for each n ≥ 1, Gn contains only one
member. It was observed in [21] that every Baire space having countable separation
is strongly Baire. Recently, it has been shown that every Baire space which has
star separation in some compactification is (α,GC )˜-favorable, and thus is a strongly
Baire space. Note that a (α,GC )˜-favorable space is called an monotonically p-space
by Cao and Piotrowski in [8] and moreover, each monotonically p-space is an almost
monotonically p-space.
3. Metrizability revisited
In this section, we study the metrizability of topologies TB and T
s
B
respectively,
and improve some results in the literature. Beer and Levi [4] characterized the
metrizability of T s
B
in terms of B, as shown in the following result.
Theorem 3.1 ([4]). Let (X, d) be a metric space and B be a bornology on X with
a closed base S . The following statements are equivalent.
(1) The bornology B has a countable base.
(2) For each metric space (Y, ρ), T s
B
on (C(X,Y )) is metrizable.
(3) For each metric space (Y, ρ), T s
B
on (C(X,Y )) is first countable.
(4) The space (C(X),T s
B
) has a countable local base at some f ∈ C(X).
In [11], Caserta et al. provided further characterizations for the metrizability
of T s
B
in terms of other countability type properties, e.g., the pointwise countable
property.
Next, we will provide a new characterization of the metrizability of TB and T
s
B
, which will help us to study completeness properties of these topologies. First, we
need to introduce some notation. Let D ⊆ T be a dense set of a topological space
T . A point x ∈ T is called a qD-point of T if there exists a sequence 〈Un : n ≥ 1〉
of open neighborhood of x such that if xn ∈ Un ∩ D for all n ≥ 1, the sequence
〈xn : n ≥ 1〉 has a cluster point in T . If D = T , a qD-point is simply called a
q-point. If every point of T is a q-point, then T is called a q-space. Obviously, every
q-point is a qD-point.
Proposition 3.2. Let T be a topological space. If T is strongly Baire or contains
a dense subset which is a q-space itself, then T contains at least one qD-point for
some dense subset D ⊆ T .
Proof. If D ⊆ T is a dense subset which is q-space itself. For each x ∈ D, let
〈Un : n ≥ 1〉 be a sequence of open neighborhoods of x in the subspace D that
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witnesses x to be a q-point in D. For each n ≥ 1, pick an open subset U˜n in T such
that Un = U˜n ∩D. Then, 〈U˜n : n ≥ 1〉 witnesses x to be a qD-point in T .
Let D ⊆ T be a dense subset of T such that β does not have a winning strategy
in the game GS(D) played in T . Let t0 be any strategy of β. Since t0 is not a
winning strategy when β applies t0 in the game GS(D), there exists a sequence
〈Un : n ≥ 1〉 of nonempty subsets of T such that
⋂
n≥1 Un 6= ∅ and every sequence
〈xn : n ≥ 1〉 with xn ∈ Un ∩D for every n ≥ 1 has a cluster point in T . It is easy
to see that every point in
⋂
n≥1 Un is a qD-point of X . 
In Proposition 3.2, if T is homogeneous, then every point of T is a qD-point for
some dense subset D ⊆ T . However, the converse of Proposition 3.2 does not hold
even for homogeneous first countable spaces. For example, the Sorgenfrey line S is
a Baire and first countable paratopological group, but not strongly Baire, since it
is not a topological group, by Theorem 2 in [21].
Theorem 3.3. Let (X, d) be a metric space and B be a bornology on X with a
closed base S . Then, T s
B
on C(X) is metrizable if and only if the space (C(X),T s
B
)
has at least one qD-point for some dense subset D ⊆ C(X).
Proof. The necessity is trivial. To prove the sufficiency, let f∗ ∈ C(X) be a qD-
point of (C(X),T s
B
) for some dense subset D ⊆ C(X). Let D˜ = D − f∗. Then
D˜ is dense in (C(X),T s
B
) and the zero function 0X is a qD˜-point of (C(X),T
s
B
).
This means that there is a sequence 〈Un : n ≥ 1〉 of open neighborhoods of 0X in
(C(X),T s
B
) such that any sequence 〈fn : n ≥ 1〉 with fn ∈ Un ∩ D˜ for all n ≥ 1
has a cluster point in (C(X),T s
B
). Without loss of generality, we can assume that
Un = [Bn; εn]
s(0X), where Bn ∈ S and εn > 0 for all n ≥ 1.
First, we claim that X =
⋃
n≥1Bn. Assume the contrary, then there will be
a point x0 ∈ X \
⋃
n≥1Bn. For each n ≥ 1, let λn =
1
2d(x0, Bn) > 0. Since
x0 6∈ B
λn
n for each n ≥ 1, we can choose a continuous function fn : X → R such
that fn(x0) = n and fn(x) = 0 for every point x ∈ Bλnn . Next, for each n ≥ 1, we
choose a function gn ∈ C(X) such that
gn ∈ [Bn; εn]
s(0X) ∩
[
{x0},
1
3
]s
(fn) ∩ D˜
Since 0X is a qD˜-point, then the sequence 〈gn : n ≥ 1〉 must have a cluster point f0
in (C(X),T s
B
). However, this is not possible, since
n−
1
3
< gn(x0) < n+
1
3
for all n ≥ 1. This is a contradiction. Thus, the claim is verified.
Now, choose a sequence 〈Vn : n ≥ 1〉 of open neighborhoods of 0X in (C(X),T sB)
with Vn = [Cn; δn]
s(0X) such that
(1) Cn ∈ S for all n ≥ 1,
(2) Bn ⊆ Cn ⊆ Cn+1 for all n ≥ 1,
(3) 0 < δn+1 < δn < εn for all n ≥ 1,
(4)
⋂
n≥1 Vn =
⋂
n≥1 V n = {0X}.
Note that (1)–(4) can be done as follows: Define Oij = [Bi;
1
j
]s(0X) for all i, j ≥ 1,
and re-label as sets Gn so that 〈Gn : n ≥ 1〉 = 〈Oi,j : i, j ≥ 1〉. For any function
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f ∈ C(X) \ {0X}, there is some point y0 ∈ X with f(y0) 6= 0. Since X =
⋃
n≥1Bn,
we can select i0 ≥ 1 such that y0 ∈ Bi0 . In addition, choose j0 ≥ 1 such that
|f(y0)| >
1
j0
. It follows that f 6∈ Oi0j0 . Thus,
⋂
n≥1Gn = {0X}. Regularity of
(C(X),T s
B
) allows us to shrink the sets Gn to open sets Hn so that 0X ∈ Hn ⊆
Hn ⊆ Gn. By shrinking further if necessary, we may assume that Vn is of the
required form.
Finally, we claim that {Cn : n ≥ 1} is a base for B. If not, there exists some
element B ∈ B such that B 6⊆ Cn for any n ≥ 1. For each n ≥ 1, we first select
a point xn ∈ B 6∈ Cn and put ηn =
1
2d(xn, Cn) > 0. Since xn 6∈ C
ηn
n for each
n ≥ 1, we can select a continuous function hn : X → R such that hn(xn) = 1 and
hn(x) = {0} for each point x ∈ Cηnn . Like what we have done previously, for each
n ≥ 1, we select a continuous function pn : X → R such that
pn ∈ [Cn; εn]
s(0X) ∩
[
{xn},
1
3
]s
(hn) ∩ D˜.
Since 0X is a qD˜-point of (C(X),T
s
B
), the sequence 〈pn : n ≥ 1〉 has a cluster point
p∗ in (C(X),T
s
B
). By (4), we have p∗ = 0X . However, since pn ∈ [{xn},
1
3 ]
s(hn)
implies 23 < pn(xn) <
4
3 , we conclude that pn 6∈ [B;
1
3 ]
s(0X) for any n ≥ 1. This
is a contradiction, which verifies that {Cn : n ≥ 1} is a base for S . Therefore, by
Theorem 3.1, (C(X),T s
B
) is metrizable. 
Theorem 3.4. Let X be a Tychonoff space and B be a bornology on X with a closed
base S . Then, TB on C(X) is metrizable if and only if the space (C(X),TB) has
at least one qD-point for some dense subset D ⊆ C(X).
Proof. The proof is is omitted, as it is similiar to that of Theorem 3.3. 
Remark 3.5. Theorem 3.3 and Theorem 3.4 can be re-stated in term of an arbi-
trary metric space (Y, ρ) just like that in Theorem 3.1.
4. Completeness properties
In this section, we study completeness properties of topologies TB and T
s
B
on
C(X,Y ) when X is either a normal or metric space and Y is a complete metric
space. Let X be topological space and B be a bornology on X . We call X a
BR-space provided that for any function f : X → R, f is continuous if and only if
f ↾ B : B → R is continuous for all B ∈ B. If B = K (X), a BR-space is called a
kR-space, [23] and [24].
Theorem 4.1. Let X be a normal space and B be a bornology on X with a closed
base S . Then, TB on C(X) is completely metrizable if and only if (C(X),TB) is
strongly Baire and X is a BR-space.
Proof. Assume that TB on C(X) is completely metrizable. It is obvious that
(C(X),TB) is strongly Baire. To see that X is a BR-space, note that if TB on
C(X) is completely metrizable, then (C(X),∆B) is complete. Let S be endowed
with the partial ordered4 defined by the set inclusion. Let f : X → R be a function
such that f ↾ A is continuous for all A ∈ S . By normality of X , each f ↾ A can
be extended to a continuous function fA : X → R. Then, it is easy to verify that
〈fA,S ,4〉 is a Cauchy net and converges to f in (C(X),∆B). Thus, the function
f is continuous.
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Now, suppose that (C(X),TB) is strongly Baire and X is a BR-space. First,
by Proposition 3.2, (C(X),TB) contains at least one qD-point. Thus, Theorem 3.4
implies that TB on C(X) is metrizable. First, we need to show that K (X) ⊆ B.
Take an element A ∈ K (X). For each n ≥ 1, put
Fn = {f ∈ C(X) : |f(x)| ≤ n for every x ∈ A}.
It is clear that Gn is closed and C(X) =
⋃
n≥1 Fn. Since (C(X),TB) is strongly
Baire, then there exists some n0 ≥ 1 such that Int(Fn0 ) 6= ∅. It follows that there
exist an element B ∈ S , ε > 0 and f ∈ C(X) such that [B; ε](f) ⊆ Fn0 . We claim
that A ⊆ B. If not, we can pick up a point x0 ∈ A\B, and then define a continuous
function g : B ∪ {x0} → R such that
g(x) =
{
f(x), if x ∈ B;
n+ 1, if x = x0.
Since g is continuous on a closed subspace B ∪ {x0} of a normal space X , then g
has an extension g˜ ∈ C(X). It is clear that g˜ ∈ [B; ε](f). However, g˜ 6∈ Fn, as
|g˜(x0)| > n. Thus, the claim is verified. It follows that A ∈ B. Let {Bn : n ≥ 1}
be a countable base of B. Then, it is easy to see that {[Bk,
1
n
] : k, n ≥ 1} is a
countable base for ∆B. This implies that ∆B is metrizable. To show that ∆B is
complete, let 〈fn : n ≥ 1〉 be a ∆B-Cauchy sequence in C(X). For each x ∈ X ,
the sequence 〈fn(x) : n ≥ 1〉 has a limit point limn≥1 fn(x). Define a function
f : X → R such that f(x) = limn≥1 fn(x). It can be verified readily that the
sequence 〈fn ↾ B : n ≥ 1〉 converges uniformly to f ↾ B for each B ∈ B. It follows
that f ↾ B is continuous for all B ∈ B. Since X is a BR-space, f is continuous.
Also, 〈fn : n ≥ 1〉 TB-converges to f . 
Corollary 4.2. Let (X, d) be a metric space and B be a bornology with a closed base
S . Then,TB on C(X) is completely metrizable if and only if the space (C(X),TB)
is strongly Baire.
Remark 4.3. The strong Baire property was firstly applied to the study of function
space Ck(X) when X is a manifold in [9]. More precisely, it is shown in [9] when
X is a manifold, Ck(X) is strongly Baire if and only if M is metrizable.
Recently, complete metrizability of T s
B
has been studied by Hola´ and Caserta et
al. To state their results, we need to induce the concept of a shield. Let (X, d) be
a metric space and let A be a nonempty subset of X . A superset B of A is called
a shield for A if for any nonempty closed set C with B ∩C = ∅ then D(A,C) > 0,
[3]. A bornology B on (X, d) is said to be shielded from closed sets if every A ∈ B
has a shield in B.
Theorem 4.4 ([11], [12]). Let (X, d) be a metric space and B be a bornology with
a closed base S . Then the following statements are equivalent.
(1) K (X) ⊆ B and B is shielded from closed sets and has a countable base.
(2) For each complete metric space (Y, ρ), T s
B
on C(X,Y ) is completely metrizable.
(3) T s
B
on C(X) is completely metrizable.
(4) The space (C(X),T s
B
) is Cˇech complete.
To see the role that the concept of a shield plays in the previous result, suppose
that some B0 ∈ B has no shield in B. Hola´ [19] constructs a Cauchy sequence
〈fn : n ≥ 1〉 in (C(X),∆
s
B
) which has no limit point. By applying this fact, one is
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able to show that if T s
B
on C(X) is completely metrizable, then B is shielded from
closed sets. Note that if B is shielded from closed sets, then T s
B
= TB on C(X).
Thus, the following open question is of some interests.
Question 4.5. Let (X, d) be a metric space and B be a bornology with a closed
base S . If (C(X),T s
B
) is strongly Baire, must it be completely metrizable?
A topological space T is called pseudo-complete [29] if it has a sequence 〈Bn :
n ≥ 1〉 of pi-bases such that
⋂
n≥1 Vn 6= ∅ whenever V n+1 ⊆ Vn ∈ Bn for each
n ≥ 1, and T is called a σ-space [16] if it has a σ-discrete network.
Theorem 4.6. Let (X, d) be a metric space and B be a bornology on X with a
closed base S . The following statements are equivalent.
(1) TB on C(X) is completely metrizable.
(2) The space (C(X),TB) is sieve complete.
(3) The space (C(X),TB) is almost complete.
(4) The space (C(X),TB) is a pseudo-complete and σ-space.
(5) The space (C(X),TB) is a pseudo-complete space with at least one qD-point for
some dense subset D ⊆ C(X).
Proof. (1)⇒ (4) is trivial. The equivalence of (1), (2) and (3) follows from Corollary
4.2 and the fact that every almost complete space is strongly Baire.
(4) ⇒ (5). Each pseudo-complete space is Baire. It was shown in [14] that
every Baire σ-space contains a dense metrizable subspace. Thus, if (C(X),TB) is
a pseudo-complete and σ-space, then it is a pseudo-complete space with at least
one qD-point for some dense subset D ⊆ C(X).
(5) ⇒ (1). If (C(X),TB) is a pseudo-complete space with with at least one
qD-point for some dense subset D ⊆ C(X), by Theorem 3.4, (C(X),TB) is a
metrizable and Baire space, and thus is strongly Baire. Thus, by Corollary 4.2, TB
on C(X) is completely metrizable. 
Theorem 4.7. Let (X, d) be a metric space and B be a bornology with a closed
base S . The following statements are equivalent.
(1) The space (C(X),T s
B
) is almost complete.
(2) The space (C(X),T s
B
) is a pseudo-complete and σ-space.
(3) The space (C(X),T s
B
) is a pseudo-complete space with at least one qD-point for
some dense subset D ⊆ C(X).
Proof. The proof of (2) ⇒ (3) is similar to that of (4) ⇒ (5) in Theorem 4.6.
(1) ⇒ (2). Every Tychonoff almost complete space is pseudo-complete and has
a Cˇech complete dense Gδ-subspace. Thus, if (C(X),T
s
B
) is almost complete, by
Proposition 3.2 and Theorem 3.3, it is pseudo-complete and metrizable.
(3) ⇒ (1). Assume (3) holds. By Theorem 3.3, (C(X),T s
B
) is metrizable. It
was shown in Corollary 2.4 of [1] that a metrizable space is pseudo-complete if and
only if it has a dense completely metrizable subspace. 
Remark 4.8. Theorem 4.1, Corollary 4.2, Theorem 4.6 and Theorem 4.7 can be
re-stated in term of an arbitrary metric space (Y, ρ) just like that in Theorem 3.1
of [19].
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5. The Baire property
In this section, we provides some results on the Baire property of T s
B
. In general,
it is not an easy task to characterize when a function space has the Baire property.
The problem for Cp(X) was solved independently by Pytkeev [30], Tkachuk [32]
and van Douwen [26], and the problem for Ck(X) was solved for locally compact
X by Gruenhage and Ma [17].
A subset A of a topological space X is relatively pseudocompact if f(A) is
bounded in R for all f ∈ C(X). For a metric space (X, d) and a bornology B on X
with a closed base S , Hola´ [19] showed that if (C(X),T s
B
) is a Baire space, then
every relatively pseudocompact subset of X is in B. Consequently, if (C(X),T s
B
)
is Baire, Tk ⊆ T sB. A classical result in [24] states that for a first countable para-
compact space X , Ck(X) is Baire if and only if X is locally compact. Next, we
provides two examples to show that this result fails for functions spaces defined in
terms of bornologies.
Example 5.1. There exist a locally compact metric space (X, d) and a bornology
B on (X, d) with a closed base such that (C(X),TB) is not a Baire space. Let
X =
⋃
α<ω1
(0, 1)× {α}, where (0, 1) is the open unit interval. For each n ≥ 1, let
Dn ⊆ X be the subset defined by
Dn =
{m
2n
: 0 < m < 2n
}
× ω1.
Define a metric d on X such that for any (x, α), (y, β) ∈ X ,
d((x, α), (y, β)) =
{
|x− y|, if α− β;
2, if α 6= β.
Obviously, (X, d) is a locally compact metric space. Let B be the bornology on X
generated by K (X) ∪ {Dn : n ≥ 1}.
Claim. The space (C(X),TB) is not Baire. We shall construct a winning
strategy σ for player β in the Choquet game played in (C(X),TB). Without loss
of generality, we assume that players β and α will choose basic open sets of the form
[A; ε](f), where A ⊆ X is the union of a compact set and some Dn, n ∈ N. Let
σ(∅) = U1 = [B1; 1](g1) with B1 ⊇ D1. At the n-th round with n ≥ 1, β will have
played Ui = [Bi; δi](gi) and α will have played Vi = [Ai; εi](fi) with 1 ≤ i ≤ n such
that Vi ⊇ Ui+1 ⊇ Vi+1 for each 1 ≤ i < n. Choose kn+1 ∈ N such that An\Dkn+1−1
is contained in a compact set. Let In+1 be a finite subset of ω1 such that An\((0, 1)×
In+1) is a subset of Dkn+1−1. Let Cn+1 =
(
Dkn+1 \Dkn+1−1
)
× (ω1 \ In+1). Then
Cn+1 and An are disjoint nonempty closed subsets of X , thus we can find a function
gn+1 ∈ C(X) such that gn+1 ↾An= fn ↾An and gn+1(Cn+1) = {n}. Let δn+1 <
1
2εn,
and define
σ(V1, ..., Vn) = Un+1 = [An ∪Dkn+1 ; δn+1](gn+1)
Then Un+1 ⊆ Vn.
Let 〈Vn : n ≥ 1〉 be any σ-sequence of player α’s moves, where Vn = [An; εn](fn)
for each n ∈ N. Let µ < ω1 be such that (0, 1)× {µ} does not intersect any of the
compact sets that appear in An for each n ∈ N. If there exists a continuous function
g ∈
⋂
n≥1 σ(V1, ..., Vn), then g ↾[ 14 ,
3
4 ]×{µ}
would be a continuous unbounded function
on a compact set. This is a contradiction, which implies
⋂
n≥1 σ(U1, ..., Un) = ∅.
Hence, σ is a winning strategy for β.
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Example 5.2. There exist a locally compact metric space (X, d) and a bornology B
on (X, d) with a closed base such that (C(X),T s
B
) is not a Baire space. The space
(X, d) is exactly the same as the one defined in Example 5.1. But, the bornology
B is different from the one in Example 5.1. To describe it, we need to set some
notation to work with the complement of the Cantor set. The first interval is
denoted by (a∅, b∅) and the length of the interval is
1
3 . In the second stage, we
have two new intervals (a0, b0) and (a1, b1), where b0 < a∅ and b∅ < a1, each of
length 132 . In the n + 1 stage, there are 2
n many intervals with length 13n+1 and
each p ∈ {0, 1}n corresponds to an interval (ap, bq). For each p ∈ {0, 1}n, the two
intervals that are closer to (ap, bp) in the n+2 stage are (ap∧0, bp∧0) at its left and
(ap∧1, bp∧1) at its right. This gives 2
n+1 many intervals (aq, bq) with length
1
n+2 in
the n+ 2 stage, where q ∈ {0, 1}n+1. For notational convenience, let {0, 1}0 = {∅}
and the length p ∈ {0, 1}n is denoted by ‖p‖. Of course, ‖∅‖ = 0. For each n ≥ 1
and p ∈
⋃
0≤m≤n{0, 1}
m, define
En,p =
ap − n∑
k≥‖p‖
1
3k+3
, bp +
n∑
k≥‖p‖
1
3k+3
 .
Note that En,p ⊂ Em,p when ‖p‖ ≤ n < m. Now, for each n ≥ 0, put
En =
⋃
{En,p : p ∈ {0, 1}
m and 0 ≤ m ≤ n} and Dn = En × ω1.
Let B be the bornology on X generated by K (X) ∪ {Dn : n ≥ 0}.
Claim. The space (C(X),T s
B
) is not Baire. We shall construct a winning
strategy σ for player β in Ch(C(X),T s
B
). Without loss of generality, we assume
that players β and α will choose basic open sets of the form [A; ε]s(f), where A ⊆ X
is the union of a compact set and some Dn, n ≥ 0. Let σ(∅) = U1 = [B1; 1]s(g1)
with B1 ⊇ D1. At the n-th round with n ≥ 1, β will have played Ui = [Bi; δi]s(gi)
and α will have played Vi = [Ai; εi]
s(fi) with 1 ≤ i ≤ n such that Vi ⊇ Ui+1 ⊇ Vi+1
for each 1 ≤ i < n. Choose kn+1 ∈ N such that An \ Ekn+1−1 is contained in a
compact set. Let In+1 be a finite subset of ω1 such that An \ ((0, 1) × In+1) is a
subset of Dkn+1−1. Let
Cn+1 =
(⋃{
Ekn+1,p : p ∈ {0, 1}
kn+1
})
× (ω1 \ In+1).
Then Cn+1 and An are disjoint nonempty closed subsets of X , thus we can find a
function gn+1 ∈ C(X) such that gn+1 ↾An= fn ↾An and gn+1(Cn+1) = {n}. Let
δn+1 <
1
2εn, and define
σ(V1, ..., Vn) = Un+1 = [An ∪Dkn+1 ; δn+1]
s(gn+1)
Then Un+1 ⊆ Vn.
Let 〈Vn : n ≥ 1〉 be any σ-sequence of player α’s moves, where Vn = [An; εn]s(fn)
for each n ∈ N. Let µ < ω1 be such that (0, 1)× {µ} does not intersect any of the
compact sets that appear in An for each n ∈ N. If there exists a continuous function
g ∈
⋂
n≥1 σ(V1, ..., Vn), then g ↾[ 19 ,
8
9 ]×{µ}
would be a continuous unbounded function
on a compact set. This is a contradiction, which implies
⋂
n≥1 σ(U1, ..., Un) = ∅.
Hence, σ is a winning strategy for β.
Let B be bornology on a metric space (X, d). We consider the game G s
B
(X)
played on (X, d) between two players β and α. Players β and α take turn to choose
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elements from B as follows: β starts first and chooses B1 ∈ B, and α responds
by choosing A1 ∈ B. At stage n (n ≥ 2), β chooses a member Bn ∈ B which is
far from An−1 and α responds by choosing another member An ∈ B. The game is
played continuously in this pattern and a play 〈(Bn, An) : n ≥ 1〉 is produced. We
say that player α wins the play 〈(Bn, An) : n ≥ 1〉 if the sequence 〈Bn : n ≥ 1〉 has
an open discrete expansion in X . Otherwise, β is said to have won the play.
Theorem 5.3. Let (X, d) be a metric space and let B be a bornology on X with a
closed base. If (C(X),T s
B
) is a Baire space, β does not have a winning strategy in
G s
B
(X).
Proof. Suppose that σ is a strategy for β in G s
B
(X). We shall show that σ is not
a winning strategy for β. To achieve this, we define inductively a strategy τ for
player β in the Choquet game Ch((C(X),T s
B
)) and then apply the Baireness of
(C(X),T s
B
).
First, let f1 = 1 be the constant function and define τ(∅) :=
[
σ(∅); 12
]s
(f1).
Suppose that V1 ⊆ τ(∅) is player α’s first move in Ch((C(X),T sB)). Then, there
exists a basic open set U1 = [A1; ε1]
s(g1) ⊆ V1, where A1 ∈ S , ε > 0 and g1 ∈
C(X). Since U1 ⊆ τ(∅), without loss of generality, we can require 0 ≤ ε1 ≤
1
2 and
σ(∅) ⊆ A1. Furthermore, since σ(A1) ∩ A
δ1
1 = ∅ for some δ1 > 0, by the Tietz
extension theorem, there exists a function f2 ∈ C(X) such that f2 ↾Aδ1
1
= g1 ↾Aδ1
1
and f2(σ(A1)) = {2}. Next, we define
τ(V1) =
[
A1 ∪ σ(A1);
1
2
ε1
]s
(f2).
Then τ(V1) ⊆ U1 ⊆ V1 ⊆ τ(∅).
Suppose that we have constructed τ for all finite legal moves of α with length n
(n ≥ 1) in Ch((C(X),T s
B
)). In particular, for each sequence 〈V1, ..., Vn〉 of α’s legal
moves, there are finite sequences 〈A1, ..., An〉 in S , 〈g1, ..., gn〉 and 〈f1, ..., fn+1〉 in
C(X), 〈ε1, ..., εn〉 and 〈δ1, ..., δn〉 of positive real numbers, and 〈U1, ..., Un〉 in T sB
such that
(1) 0 < εk ≤
1
2k
for all 1 ≤ k ≤ n;
(2) 〈Ak : 1 ≤ k ≤ n〉 is a σ-sequence with σ(A1, ..., Ak−1) ⊆ Ak for all 1 ≤ k ≤ n;
(3) Uk = [Ak; εk]
s(gk) for all 1 ≤ k ≤ n;
(4) Uk ⊆ Vk for all 1 ≤ k ≤ n;
(5) fk+1 ↾Aδk
k
= gk ↾Aδk
k
and fk+1(σ(A1, ..., Ak)) = {k + 1} for all 1 ≤ k ≤ n;
(6) τ(U1, ..., Uk) =
[
Ak ∪ σ(A1, ..., Ak);
1
2
εk
]s
(fk+1) for all 1 ≤ k ≤ n.
Note that (3)–(6) imply that
(7) τ(V1, ..., Vk) ⊆ Uk ⊆ Vk for all 1 ≤ k ≤ n.
Now, let 〈V1, ..., Vn, Vn+1〉 be a finite sequence of legal moves of α with length n+1
in Ch((C(X),T s
B
)). We choose a basic open set Un+1 in T
s
B
such that
Un+1 = [An+1; εn+1]
s(gn+1) ⊆ Vn+1,
where An+1 ∈ S such that An ∪ σ(A1, ..., An) ⊆ An+1 and 0 < εn+1 ≤
1
2εn. Since
σ(A1, ..., An+1) ∩ A
δn+1
n+1 = ∅ for some δn+1 > 0, by the Tietz extension theorem,
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there exists a function fn+1 ∈ C(X) such that fn+1 ↾
A
δn+1
n+1
= gn+1 ↾
A
δn+1
n+1
and
fn+2(σ(A1, ..., An+1)) = {n+ 2}. Then, we define
τ(V1, ..., Vn, Vn+1) =
[
An+1 ∪ σ(A1, ..., An+1);
1
2
εn+1
]s
(fn+2).
Then, by construction, we have that τ(V1, ..., Vn, Vn+1) ⊆ Un+1 ⊆ Vn+1. Thus, we
have defined inductively the strategy τ for β in Ch(C(X),T s
B
).
Since (C(X),T s
B
) is a Baire space, by Theorem 2.1, τ is not a winning strategy
for β in Ch(C(X),T s
B
). Therefore, there exists an infinite sequence 〈Vn : n ≥ 1〉 of
α’s legal moves such that ⋂
n≥1
Vn =
⋂
n≥1
τ(V1, ..., Vn) 6= ∅.
Let f ∈
⋂
n≥1 Vn. Furthermore, let 〈An : n ≥ 1〉, 〈gn : n ≥ 1〉, 〈fn : n ≥ 1〉,
〈εn : n ≥ 1〉, 〈δn : n ≥ 1〉 and 〈Un : n ≥ 1〉 be associated sequences such that
for each n ≥ 1, (1)–(6) are satisfied. Then (7) is also satisfied for all k ≥ 1, which
implies that f ∈ Un for all n ≥ 1. Thus, for each n ≥ 1, we have |f(x)−fn(x)| <
1
2n
for all x ∈ An−1 ∪ σ(A1, ..., An−1). Since f(σ(A1, ..., An−1)) = {n}, then
n−
1
2n
< f(x) < n+
1
2n
for all x ∈ σ(A1, ..., An−1). It follows that {f(σ(∅))} ∪ {f(σ(A1, ..., An)) : n ≥ 1}
is a discrete family on R, which has an open discrete expansion in R. Since f is
continuous, {σ(∅)} ∪ {σ(A1, ..., An) : n ≥ 1} has an open discrete expansion in X .
This implies that σ is not a winning strategy for β in G s
B
(X). 
Given two collections C and D of nonempty subsets of a topological space X ,
C is called a moving off collection over D if, for each D ∈ D , there exists C ∈ C
with C ∩ D = ∅. The space X is said to have the (C ,D)-moving off property if
any subset A ⊆ C , which is a moving off collection over D , contains an infinite
subcollection which has a discrete open expansion in X .
Proposition 5.4. Let (X, d) be a metric space and let B be a bornology on X. If
player β does not have a winning strategy in the G s
B
(X)-game, then (X, d) has the
(
⋃
δ>0 B
δ,B)-moving off property.
Proof. Suppose that (X, d) does not have the (
⋃
δ>0 B
δ,B)-moving off property.
Then, there exists a moving off collection A ⊆
⋃
δ>0 B
δ no infinite subset of which
has a discrete open expansion. Now, we can construct a winning strategy σ for β
in G s
B
(X). Let σ(∅) be an arbitrary member of B. Assume that we have defined
σ for player α’s all finite legal moves 〈A1, ..., An〉 of length n ≥ 1. We choose
Bn+1 ∈ B and δ > 0 such that Bδn+1 ∈ A and B
δ
n+1 ∩ An = ∅, and define
σ(A1, ..., An) = Bn+1. Since {σ(A1, ..., An) : n ≥ 1} does not have a discrete open
expansion, σ is a winning strategy for β. This is a contradiction. 
By results [17], if a metric space (X, d) has the (K (X),K (X))-moving off prop-
erty, then (X, d) must be locally compact, and Ck(X) is a Baire space if and only
if (X, d) has the (K (X),K (X))-moving off property. Note that (X, d) has the
(K (X),K (X))-moving off property if and only if it has the (
⋃
δ>0 K (X)
δ,K (X))-
moving off property. In the light of Theorem 5.3 and Proposition 5.4, we conclude
this paper with the following open question.
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Question 5.5. Let (X, d) be a metric space and let B be a bornology on X with a
closed base. If (X, d) has the (
⋃
δ>0 B
δ,B)-moving off property, must (C(X),T s
B
)
be a Baire space?
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